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A general system of equations is derived, using the 1+3 orthonormal tetrad formalism, desribing
the inuene of a plane - fronted - parallel gravitational wave on a warm relativisti two - omponent
plasma. We fous our attention on phenomena that are indued by terms that are higher order in the
gravitational wave amplitude. In partiular, it is shown that parametri exitations of ion - aousti
waves takes plae, due to these higher order gravitational non - linearities. The impliations of the
results are disussed.
I. INTRODUCTION
There have been many theoretial investigations on the sattering of eletromagneti waves o gravitational elds,
using linearized gravitational wave theory (see e.g. [1℄), whih is the relevant regime for gravitational wave detetors,
or, in general, for distanes far away from the gravitational wave soure. Muh of previous researh has been direted
at studying eets on vauum eletromagneti elds, but there has also been some work where the eets of plasmas
have been taken into aount (see e.g. [25℄ and referenes therein ).
In a reent paper [4℄ we have taken another approah, starting with an exat gravitational wave solution, but
fousing on a weak amplitude (but still non - linear) approximation, and studying the eets indued by gravitational
waves in a plasma. As was shown in [4℄, suh interations give rise to qualitatively new phenomena that are absent
in linearized theory. However, the previous work was limited to old plasmas, and thus did not allow interation
with low - frequeny longitudinal waves (although for example Ref. [5℄ treats the generation of low - frequeny plasma
modes by linear gravitational waves). As will be shown, suh waves are more likely to be exited by gravitational
waves,
1
due to the frequeny mathing ondition.
We start by generalizing previous equations for a old two - omponent plasma to inlude thermal eets, using
the 1+3 orthonormal frame formalism. Within this mathematial framework, the governing plasma equations an
be written in a simple 3 - dimensional form. They onsist of Maxwell's equations with additional harge and urrent
densities haraterizing the gravitational eets and a set of uid equations for a warm plasma. To failitate the
analysis of the non - linear interation between a plasma and a gravitational wave, we make use of the plane fronted
parallel (pp) wave solution of Einstein's eld equations. We show that for parallel propagation, exitation of ion -
aousti waves an only our if eets seond order in the gravitational wave amplitude are inluded. The growth rate
of the seond order instability is determined, and the threshold value for exitation is estimated. Some appliations
to astrophysis and osmology are disussed and our results are summarized in the last setion of the paper.
II. PRELIMINARIES
The energy -momentum tensor for eah partile speies is assumed to take the form of a perfet uid, T ab =
(µ+ p)V aV b + pgab, where µ is the energy density and p the pressure of eah uid. Splitting the energy -momentum
tensor in time- and spaelike parts, using an orthonormal frame {ea, a = 0, ..., 4}, the partile and momentum
onservation equations take the form [6℄
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As ompared to the high - frequeny exitation proess onsidered in Ref. [4℄.
1
e0(γn) +∇·(γnv) = −γn
(
Γα0α + Γ
α
00vα + Γ
α
βαv
β
)
, (1a)
(µ+ p) (e0 + v · ∇) γv + γ
−1
∇p+ γv (e0 + v · ∇) p
= qn(E + v ×B)− γ(µ+ p)
[
Γα00 + (Γ
α
0β + Γ
α
β0) v
β + Γαβγv
βvγ
]
eα , (1b)
generalizing the results presented in [4℄ to the ase of a warm plasma. Here Γabc are the Rii rotation oeients with
respet to the ONF {ea}. We have introdued the notation E ≡ (E
α) = (E1, E2, E3) et., ∇ ≡ (e1, e2, e3). The uid
is assumed to have a four - veloity (γ, γv), relative to the orthonormal frame {ea, a = 0, ..., 4}, where γ ≡ (1−v
2)−1/2.
Furthermore, ρ ≡ qγn is the harge density.
We follow the approah presented in Refs. [2,4℄ for handling gravitational eets in Maxwell's equations. With this,
these equations was presented in their generality in [2, 4℄. In order to address the issue of how strong gravitational
radiation may be involved in generation of EM waves, we look at the pp -waves (for a disussion of this solution,
see [7℄), in the speial ase of a linearly polarized plane wave the spaetime metri takes the following form
ds2 = −dt2 + a(u)2 dx2 + b(u)2 dy2 + dz2 , (2)
where u = z− t, and a and b satisfy abuu+auub = 0, and the subsript u denotes a derivative with respet to retarded
time. Note that we have hosen a vauum geometry, i.e. we have omitted the inuene of the plasma on the metri.
In order to make physial interpretations simple, we introdue the anonial Lorentz frame
e0 = ∂t , e1 = a
−1∂x , e2 = b
−1∂y , e3 = ∂z . (3)
With this hoie, the gravitational eets in Maxwell's equations are
ρ
E
= −(ln ab)uE
3 , (4a)
ρ
B
= −(ln ab)uB
3 , (4b)
j
E
= −(ln b)u(E
1 −B2) e1 − (ln a)u(E
2 +B1) e2 − (ln ab)uE
3 e3 , (4)
j
B
= −(ln b)u(E
2 +B1) e1 + (ln a)u(E
1 −B2) e2 − (ln ab)uB
3 e3 , (4d)
whih enters Maxwell's equations as
∇ · E = ρ
E
+ ρch , (5a)
∇ ·B = ρ
B
, (5b)
E˙ −∇×B = −j
E
− j , (5)
B˙ +∇× E = −j
B
, (5d)
where j ≡
∑
p.s. qγnv is the urrent density, and the overdot stands for time derivative.
With respet to the frame hoie (3), the onservation equations (1) lead to the following uid equations:
∂
∂t
(γn) +∇·(γnv) = γn(ln ab)u(1− v‖) , (6a)
(µ+ p)
(
∂
∂t
+ v · ∇
)
γv + γ−1∇p+ γv
(
∂
∂t
+ v · ∇
)
p
= ρch(E + v ×B) + γ(µ+ p) [(ln a)uv1e1 + (ln b)uv2e2] (1− v‖) + γ(µ+ p)
[
(ln a)uv
2
1 + (ln b)uv
2
2
]
e3 , (6b)
where v‖ ≡ v3 is the veloity parallel to the gravitational wave propagation diretion. These equations should be
satised for eah partile speies.
III. LONGITUDINAL WAVE EXCITATIONS
The terms in equations (4)(6) whih generate eets in the diretion of propagation of the gravitational wave, i.e.
the longitudinal terms, are seond order in the gravitational wave amplitude. As was previously shown in [4℄, these
seond order terms an give rise to qualitatively new phenomena ompared to the linear regime. However, for the
proess desribed in [4℄, the gravitational wave frequeny must be equal to the loal plasma frequeny, whih puts
rather severe onstraints on the possible soures for the gravitational waves. Here we will fous on the exitation
of longitudinal waves with muh lower frequenies, speially ion - aousti waves. For simpliity, the equation of
2
state is assumed to be an non - relativisti isothermal,
2
i.e. p = kBTn, kB being the Boltzmann onstant and T the
temperature.
As a onsequene of the low temperature, the inertial mass term µ+ p ≈ mn and it is this approximation that will
be used from now on. Furthermore, we onsider the regime ln(ab) ≪ 1. The bakground is homogeneous in both
uid speies, and thus we an take the zeroth order eletromagneti elds to be zero. Negleting the eet of harge
separation, we obtain the rst order solutions to Eqs. (6)
ngw(u) = −n0
ln(ab)
1− v2th
, vgw(u) = −v
2
th
ln(ab)
1− v2th
, (7)
where n0 is the bakground number density and vth ≡
√
kBT/m the thermal veloity. The above equations hold for
both partile speies so that the density perturbations are in general dierent for the two uids.
3
With the above alulation as a prerequisite, we onsider the stability of these solutions, i.e. we make the ansätze
n(t, z) = n0 + ngw(u) + nˆ(t, z) , v(t, z) = vgw(u) + vˆ(t, z) , E(t, z) = Eˆ(t, z) . (8)
We linearize in nˆ, vˆ and Eˆ, and keep terms up to order (ln ab)u×(nˆ, vˆ or Eˆ). The eet of terms quadrati or higher
order in (ln ab)u is to modify the equilibrium solution (7) by a fator ∼ 1+(ln ab). Thus we neglet the orresponding
inuene on the wave exitation.
Using the above perturbation sheme, we an ombine equations (6a) and (6b) to obtain
D nˆ =
∂S
∂t
−
n0q
m
∂Eˆ
∂z
, (9)
where
D ≡
∂2
∂t2
− vth
∂2
∂z2
(10)
and
S ≡ (n0vˆ − nˆ)
∂
∂t
(ln ab)−
∂
∂z
(ngwvˆ + nˆvgw) . (11)
Note that D and S in general are dierent for dierent partile speies.
Ating with D1D2 on Eq. (5a), we obtain
(
D1D2 + ω
2
p1D2 + ω
2
p2D1
) ∂Eˆ
∂z
= q1D2
∂S1
∂t
+ q2D1
∂S2
∂t
+ D1D2
[
Eˆ
∂
∂t
(ln ab)
]
, (12)
where the indies 1 and 2 denotes the two uid speies, and ωp1,2 ≡ [q
2
1,2n0/m1,2]
1/2
is the plasma frequeny of eah
partile speies. Equation (12) holds for any two - uid plasma with low temperature in both speies, and an desribe
exitation of both high - frequeny and low - frequeny waves. A proess involving high - frequeny waves in a old,
one - omponent plasma, was investigated in [4℄. However, in most ases the gravitational wave frequeny is lower than
the eletron plasma frequeny. Thus, from now on we will fous on three - wave exitation of low - frequeny modes
(i.e. all frequenies ≪ ωp,e) in an eletron - ion plasma. Note that the gravitational wave ats as our pump wave. We
are interested in the ase of a periodi soure of our pump wave, and following [4℄ we obtain (to seond order in an
expansion in the amplitude h)
(ln ab) =
1
2
h2 exp[2iωgw(z − t)] + c.c. , (13)
where .. denotes the omplex onjugate.
2
A more general temperature - to - density prole an easily be inorporated into the alulations.
3
In priniple the eletri eld due to the possible harge separation should be inluded in Eq. (7). However, sine this eet
is proportional to both (ln ab)u and v
2
th, it will not inuene our main result (17).
3
The eletri eld perturbation is assumed to have the form
Eˆ = E+(t) exp[i(k+z − ω+t)] + E−(t) exp[i(k−z − ω−t)] + c.c. , (14)
and the analogous expressions is assumend to hold for nˆ and vˆ. The time variations of the amplitudes are slow, as
ompared to ω±. The wave numbers and frequenies satisfy the mathing onditions
k+ + k− = 2ωgw , ω+ + ω− = 2ωgw . (15)
However, for low - frequeny waves, the phase veloities are generally muh smaller than unity, whih means that
equation (15) an be approximated by
k+ = −k− ≡ k , ω+ = ω− = ωgw . (16)
To be onsistent, we should simplify the right hand side of Eq. (12) as far as possible, using vth ≪ 1, whih,
for example, implies S = −nˆ∂(ln ab)/∂t. Inserting the ansätze for nˆ, vˆ and Eˆ in Eq. (12), eliminating the density
variations using Eq. (9), and applying the approximate mathing onditions (16), results in a growth of the amplitudes
nˆ, vˆ, Eˆ ∝ exp(Γt), with the growth rate
Γ = 2
(
∂D(ωgw, k)
∂ωgw
)−1
h2
[
ωgw
k
+ ω2gw
∑
p.s.
ω2p
(ω2gw − k
2vth)2
]
≈ 2
(
∂D(ωgw, k)
∂ωgw
)−1
h2ω2gw
ω2p,i
(ω2gw − k
2vth,i)2
≈ h2ωgw , (17)
where the sum is over partile speies and
D(ω, k) = 1−
∑
p.s.
ω2p
ω2 − k2v2th
, (18)
and the index i refers to the ions.
4
The sale length 1/k of the exited modes, obtained from D(ωgw, k) = 0, satises
vth,i
ωgw
≤
1
k
≤
cs
ωgw
, (19)
where cs ≡ [v
2
th,i + (me/mi)v
2
th,e]
1/2
is the ion - aousti veloity.
By inluding some mehanism of wave damping, a threshold value hthr for exitation may be determined. The
most suitable regime for exitation is Te > Ti in whih ase ion Landau damping is not eetive. Then eletron - ion
ollisions is the main disspative mehanism, and
hthr ∼
√
νe−i/ωgw , (20)
whih is similar to the results obtained in [4℄. Here νe−i is the eletron - ion ollision frequeny.
Without working out a detailed theory for the saturation mehanism, we note that the wave growth will stop at
a level vˆ ≤ vth,i. This is beause the ion - aousti waves beome strongly nonlinear at this level, implying eent
energy transport away from the originally exited modes.
IV. SUMMARY AND DISCUSSION
In the present paper we have generalized previous equations for a old plasma in the presene of a strong gravitational
wave [4℄, by inluding thermal eets. As is well known, thermal eets are important for low frequeny plasma
phenomena. Sine, typially, the time - sales for gravitational waves are long ompared to the time - sales of a plasma,
4
The dispersion funtion D(ω, k) an be further redued using ω ≪ ωp,e, e denoting the eletrons. Applied to the expression
for Γ, we obtain the last approximate equality in Eq. (17).
4
this generalization is important from an appliational point of view. The derived equations provide a framework for
investigating strong gravitational pulse eets in warm multi - omponent plasmas. It was shown that the equations
indeed admit generation of ion - aousti modes, whih are not present in the linearized theory (f. Ref. [5℄).
Sine our eet is of seond order in the gravitational wave amplitude, possible astrophysial appliations are most
likely to be found lose to extreme events, suh as binary mergers. The expression for the growth rate is almost
idential to that of Ref. [4℄, where two plasmon deay of a pp -wave was onsidered. However, a fat that make
the present proess more relevant for astrophysial appliations is that it in priniple an our for arbitrarily low
gravitational wave frequeny ωgw, i.e. the plasma frequeny is allowed to be muh larger than ωgw.
Note that Eq. (7) implies that the gravitational wave diretly indues harge separation, provided that the thermal
veloities of the partile speies are dierent (whih is in general true for ion - eletron plasma). This harge separation
ould be important in the early universe, sine it ould lead to a weak statistially homogeneous and isotropi eletri
eld. Provided the ondutivity of the osmologial plasma remains suently low, onditions whih exist during
ination and the subsequent period of reheating, this primordial eletri eld ould survive immediate dissipation and
ould trigger a period of osmologial magnetogenesis through its interation with linear gravitational waves [8, 9℄.
In this way large sale osmologial magneti eld ould be generated via physiial proesses inherent to plasmas
and the geometrial nature of spaetime, rather than invoking eld theoretial arguments suh as the breaking of
onformal invariane of eletromagnetism.
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